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1. INTRODUCTION TO THE DIGITAL COMPUTER PROGRAM

A. PROGRAM CAPABILITILES

A digital computer program has been developed for the geometrically
nonlinear analysis of thin shells of revolution subjected to axially
symmetric loads and thermal gradients. The thickness of the shell wall,
the modulus of elasticity of the wall material, the load, and the thermal
agradient may be smdoth functions of the meridional arc lenath. The
boundaries of thie shell may be closed, free, or fixed.

‘ The computer program is based upon a proportional loading concept

and automatically solves the nonlinedar equations for the displacements,
rotations, internal forces, bending moments and stresses at an arbitrary
number of locations along the meridian at each lead step.: The solution
routine continues untii the shell has recached a position of unstable '
cquilibrium or until a specific number of load steps have been taken.
B. BASIC ELOJUATIONS

The geometrically nonlinear analysis usea in this program is pascd
upon the Kirchhoff hypothesis and the assumption of simall finite angle changes.
According 1o keissner (Kef. 1), *he qoverning equutioris for axisymmetrically

ioaded shelis of revolution can be given in the form*

R R CRCE) [FR

*

The notation used here is slightly different from Reissner's. Further, his
equations contained no temperature terms
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and where a prime denotes differentiation with respect to § , the meridional
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cocrdinate, and the subscript o refers to the undeformed shell. The change
in the tangent angle to the meridian B is defined as

B= 09

The internal stress resultants are given by
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and the displacements can be calculated using

v -r'—(No-cN

c )+ AT

. . . o
w =f[a‘ (sm¢ - scn¢.) + —c-! <NE ~0NB +CA1>sino]d$
All of the physical quantities are dofi'nc:d in accordance with Tigqures 1
and 2, and ¢ is Poisson's ratio, A is the temperature coefficient of
expansion, T is the temperature above that of zero siress and strain, and
C = Eh

Eh’/a ('—v’)

where E is Young's mondulus. When the shell wall is of thin skin sandwich

D

it

construction

h

#

VEJEN
20,E,/\/3 1)

wheore rs is the skin thickness, U is the distance Herween skins and ?75

L

]

is the Young's modulus of the skins.
For this analysis a, has been taken das unity. For a more detailed

discussion on this polnt, refer to Appendix A of (Ref. 2).
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II. THE NUMERICAL ANALYSIS

Thie nonlinear thnin shell equations, Egs. 1, 2, are exparded in terms

of E and E (which are caused by the loads V and Sn) and ¢é8 and

5 H (which are attributed to small changes in the loads 6V and 6pn) .
It is then assumed that 5 and ﬁ are known and that 88 and 6H are
unknown. Next, the expanded diffcrential equations are written in finite
difference form, with terms which are nonlinearin 88 and 8l wueing treated
as pscudo-loads. The resulting "linear" difference cquations are repeatedly
solved by a technigre which 1s virtually identical to that used 15 the Arthur
D. Little Thin Shell Prograin (Ref. 2). The ith iterative solution tor 6/3
and 0 H is computed using values for the pseudo-loads bazed on the (i“‘ - i)
solution for 88 and 6H. The convergence criterion {for this process is

that at every mesh point of the finite difference grid the inecqualilies

66""66'_‘ s € MAX 66‘—‘

and

SHy — dH, | < €-MAx 6H .,

must be satistied, where the subscript refers to the iteration number and max
l 58 3_1\ is the largest value of g 58 ’ in the shell at the (1th - 1)
iteration, etc.
Tre concept of proportioral loading 1s used to gradually step the loads
V and Sn up to those values which cause buckling. Initiaiiy, tle incremental
loads &8V and §p, are chosen by the program user to be approxtimately

10 to 20 percent of the expected buckling load. These loads are applied to the



* shell and a nonlinear solution is obtained for 88 and §H. The applied
loads are then increased by the original increments and a new solution is

a

obtained for 88 and 6H. This process repeats so that at any stage of
~ ~~ ~
loading V and 'Sn are integer multipies of 6V and §p, and B and H
are the sum of the &8's and é H's respectivelv. If at onc load s‘tcp the
iteration processes for the solution do not converge after a specified numbper
of iterations, buckling 1s assumed to have occuired. The loads are then
reduced to the last values which did not cause buckhin;, 8§V ard $ P
are automau.cally reduced by chanqging a load multiplier by a tactor of 10,
and the load is advanced by the smaller increnients uatil nonconveraonce
occurs aqgain. This load reduction process is the: repeated several times to
improve the precision of the buckhing load. Finally, a complete record of
displacements, rotations and internal forces, bendiny moments and stresses
Is printed at each step of the loading process.

The parameters involved in the load steppina and iteranion procedures
have beoen fixed at values which were found to produce satisfactor, resulls
in applications to thin shallow sliells for which previous results were
avallable. Tt is expected that they will be satisfactory for wost other appli-
cations. The paran.cters are assigned values at the beqginning of the program
as follows:

NUMIT maximun, number of iterations allowed 15

NSTEP maximum number of steps taken during i5
" each step-size cycle

NCY number of step-size reduction cycles 3

EPS convergence criterion Q01

[,



III.. PROGRAM DESCRIPTION

The basic concept of the program is the same as that of t-e Artiur
D. Little program (Ref, 2). That is, the main prograin contains ti.e numerical
analysi.s and the input-output routines, while the desciiption of tire chell
and its loading are contained in a group of FUNCTION subprogranis as
described in Section IV,

A logical flow diagram of the main program {s presented in the Appendix.



IV. INSTRUCTIONS FOR PROGRAM OPLERATION

A, SUBROUTINE PREPARATION
Every probiem to be run requires nine FUNCTION—Lype subproarams
which describe th.e loads and vrovide the basic program with the physical
" characteristics of the shell as a function of meridional ars lergth, A:
1. R(A : ' radial distance (inches)
2. 2Z(A) : axial distance (inches), 2(0.) = 0.
3. T(N : thickness (inches) = o for solid walls

= \/jtk, for tun sein sandwich

constuction®

4. E(A) : elastic modulus (psi) = L
- 2t

~e= B for tha skhan candwio,
3 [\‘ ”

for solid wall.

construction®
5. CsI(A) : dimensionless constant used in stress
calculations = 1 1or solid shell portions
= Lq/B(y for sandwic poitions
6. CS2(A) : dimensionless constant used i stress
calculations = 6 for solid shell portions
= 243 = 3404102t

sandwich portion,

7. AT(N net thermal strain, AT (inches per inco) where A
is the coefficient of hinear thennal expansion and
T is the net ton perature channge

8. VDA incresnental vertical force (ib/in) (should be 10 to

20 percent of expected buckling load.)**

* Sco pale 3, Section 1, for furtner explanation.

* K

1nud 10 zero as r —» 0 in order to preserve a finite value for tractions of Lo
form Vz'/r. This program arbitrarily requires VD(U) =0 11 IS: =0, wiich n.cans
that thern can be no concentrated load at 1=0. The sare restiiction existi, i
thie Arthur D. Little program (Ref. 2) altbough it is not made explicit in e

program description.

g~

o

L. treating the boundary conditions for a closed initial end, cithior V.o 2' canoe



9. PD(A incre:nental radial component of pressure (lb/1n?)
(should be 10 to 20 percent of expected buckiing load) .
The FUNCTIONS R, 2, T, AT, VD, and PD are typificd by exaiples
given in the report on tha Arthur D. Little Thin Shell Program (Ref. 2). A
FUNCTION typical of E, CS1, or CS2 for a solid shell would be:*

FUNCTION CS2(A)
A = A
CS2 = 6
RETURN
END
For a snell which is solid for 0 € A < 37.2 and sandwich {or

A 2> 37.2 the same FUNCTION would be:

TUNCTION C52(A)
Ir (A - 37.2) 10, 20, 20

10 Cs2 = 6
RETURN

20 CS2 = 3.464102
RETURN
LEND

B. [NPUT PREPARATION
Each prograri to be run also requires 2 data cards. Treor TORMAYT and
content are as {ollows:
Card 1: FORMAT (12A¢)
The first 72 colunns are used as a title for the program
printout and can contain any alphabetic or numeric

comments desired by the user.

* Note the dummy statement A = A 15 necessary since the FORTRAN language
requires that the argument of the FUNCTION be used.

-9-



Card 2: FORMAT (214, 2F 10.4)
LIST N, IPO, S, P, I8S1, 183

' N {s the total number of mesh points, f.e., Ane more

than the number of mesh intervals, N <€ 4011

IPO is the output printing frequency, so that ali mesh
points need not be printed out. The rrogram will

always print out both ernds, regardless of the value

of IPO
S 1s the total arc length of the shell 1n inchies
P is Poisson's ratio

ISl speciiies the inittial houndary condition
14

1S3 specifies the terminal bou.vary condition

Value of
181 or IS3 Boundary Condition
0 closed B = uo= 0
i free H = M = 0
2 fixed 3 = u = 0

Note that since this program is 1'1nj.ited to homogeneous 2dage

conditions it is not necessary to read in boundary values of the

pertinent variables.

Note that deciimal points and/or exponents using the E noration

on the card will override the F10.4 specificaticn.
C. PROGRAM DECK

The proaram deck should conform to the FORTRAN MONITOR SYSTEM and
the foliowing Jet Propulsion Laboratory operations procedures:

1. Identification card (as specified by Jet Propuision Laboiatory)

2. XEQ card

_10_



3. Proarars to be compiled

q, Binary program deck (or decks)

S.  DATA card

6. Data cards (2‘ cards per problen)
Any number of problems can be run consecutively providea they ali reqaire the
same set of subroutines. If different subroutines are requirad, thie above
card sequence nust pe repeated as a new file.
D. TAPE REQUIREMENTS

The following tapes are used by the progran:

1. Logical tape 5 - input tape (IMS A2)
2. Loqicai tape 6 = output tape (M5 AJ)
3. Logical tane 8 - sciateh tape (PMS Bi)

If the program is to pe used on a system which does not conforn to the
above, the required presgram changes are trividi,
E. OPERATING PROCLEDURL
The followin j instructions shouid be used togethier witt, the FORTRAN
MONITOR SYSTEM:
1. DPrepare Lusroutines and data carde and arrenge as 1ndwcated i
Scction D above.
2. Load the card deck onto Logical tape 5 either on-line via e
card reader or off-line via the 1401,
3. Ready all itapes.
4. Piress START. Program will compile prior to first problem 1

»

necessary.

vJ

o



F. OouTPUT

At the end of @ run, 3ll output is on Logical tape ¢ in the order in
which i.t was run. The output tape is not rewound and there is 1o end of
file mark between problems or after the last problem. The output tape should

be printed off-line under program control.

..12_



V. OUTPUT FORMAT

Inttially the program prints the input quantities, N, 5, ©, 11,
and 183.. Then, at.the end of each loading step, the title card, cycle number,
step number and the numb(;r of iterations required for cach step «re printea.
If the process did not converge for the step in question the n".ossm_;o "CON-
VERGENCE FAILURE---STEP SIZL REDUCED" is printed as the only output.

If the process did converge, the resultant output is arranged in two parts:
“A", the forces, moments, displacements, and rotations for each selected
printout value of the arc length; and "B", the stressecs at the inner and outer
fibers of the shell. The end of a rroblem for which the buckling load was
successfully found is indicated by the message "SHULL BUCKLED AT

TIMLES BASIC LOAD INCREMENT. " If the buckling load was not' found, the
message "DID NOT BUCKLE AFTER 1S STEPS" is printed at the bottom of the
last page of output.

The interpretation of the buckling load in terms of inultiples of the
'basic load increment is made clear by an example. Suppuse tﬁe output

messages are as follows:

CYGLE 1 STEP 1 S ITERATIONS

(Normal "A" and "B" output)

CYCLL 1 STEP 2 6 ITELRATIONS

(Normal "A" and "B" output)
CYCLD 1 STLP 3 7 ITERATIONS
(Normal "A" and "B" output)

CYCLE1 ° STEP 4 10 ITCLRATIONS
(Normal "A" and "B" output)

CYCLE 1 STEP § 15 ITERATIONS
CONVERGENCE FAILURE- - -STEP S1ZE REDUCED

-13-



CYCLI 2 STEP 1

CYCLE 2 STEP 2

CONVERGENCYH FAILURE - - =STEP SIZE REDUCED

CYCLE 3 STEP 1

CYCLE 3 STEP 2

CYCLE 3 STEP 3

CONVLRGLNCE FAILURE- - =STLP SIZE REDUCED

SHELL BUCKLED AT 4.12

4 ITERATIONS

Normal "A" and "B" output)

15 ITERATIONS

4 ITLRATIONS
(Normal "A" and "B" output)

S ITURATIONS
(Normal "A" and "B" output)

15 ITERATIONS

TIMES BDASIC LOAD INCPENINT

This means that the program took 4 successful load steps of 'he hasin size,

1 successful step 1/1Gth that size, and 2 successful steps 1/100th of the

original step size. Thus, the buckling load is between 4.12 and 4.13 t1mes

the hasic Inading step.

Nomenclature for the "A" and "3" output is as follows:

‘A" Paqges
Column Heading

ARG DISTANCE

VERVICAL FORCE
HOFIZONTAL FORCE

1TO0OP FORCT

AIAL MOMENT

HOOP MOMENT
FHORIZONTAL DISPLACEMENT
VORTICAL DISPLACEMENT
ANGULAR ROTATION

Ib/in
lb/in
Ih/in
b {n/in
Ib in/in
in
- in

rad.

-14_
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PORTRAN

T ode

{831
vl
S
ENT
EMA
FMT
UJ
N

Bj



" Bu paq(\‘s P()RT“!‘\T:

Column tieading Units Variable _ode
NG DISTANCE in £ BN
[NNER AXIAL STRESS psi S“ PR
OUTLR AXIAL STRLSS psi . pRe)
LER HOOP STRESS psi S st
OUTLR HOOP STRLSS psi San 150
SHLAR STRLSS rsi 5 SIS

The stresses are definnd as

C C
S, = F‘ <Hcos¢+\lsin¢ + —TpMA ) s - . *_C’2
£i h R 7 T Hcos ¢ + Vsing h>M£
C C C C

S = — ——

gt = —-';‘ (Ne'f' MB) 500: —i“ (No ——’-:M0>
s = I.S(Vcos ¢-—Hsin¢)%
where

C' = for solid walls

14 L , .
C - E‘/EKA\) for 1 sk o sanddwich construoelion

C =6 for solbid wails

2
C = 2\/3 for thin s-1n Saa owich constriuct.on
2

* The maximum shear stress which occurs at the neutral axis is calculared. For
thin skin sandwich construction the factor 1.5 should be replaced bt.'\ﬁ.
Towever, 1.9 is used for both solid and honeycomb walls even though it is
slightly incorrect for the latter.

-IS_



Vi. SIGN CONVENTION

Refer to the differential element which is shown in Tigures 1 and 2
of Section 1. Positive forces, moments, displacements, rotations and
cylindrical coordinates are shown.

At £ = SJ-
Radial length, T positive outward

Vertical length, z; =0. @& =0.

Zj positive in vertuical citection in
' which ¢ initfally increases

Angle between r axis and tangent
to undistorted middle surface, g, defined to make

COSﬁO == (I~JJ+1 -roj_i\)/'f.’ Al

Sind, = Taprl "Zoj_l)/u 3
Rotation during strain, . g = éo -9
I{orizontal displacement, u positive in positive r direction
Vertical displacement, w positive in positive 2z direction
Hj | positive in positive r direction
Vj positive in positive 2z direction
M ¢ j positive in positive 3 direction

It is important to note that these positive sign conventions are taken at the
j‘h point. In other words, the program prints »ut the results at the end of
each interval. The forces and moments at the sj - 1 Position are also in the

positive direction but at the beginning of the interval. These values are never

printed out--except at the initial boundary.

-16-
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For that case, & 1

By

‘)
wl
i
V1

Mg

positive as before, {.e., when
B decreases wiien sirained

posgitive in positive r direction
positive in positive 2z direction
positive inward

positive in negative 2z dircction

positive in neaative B direction.

This sign convention is the same as that used in (Ref. 2).

-17-
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NUMIT = 15
NSTEP = 15
. NCY = 3
. LPS = . 001
200 } .
{ :)..__—,. "READ TITLE
READ N, IPO, §, P, 151, 153
WRITE. N, S, P, 151, 153
|
LPN = 0
FAC = 1 (load step multiplier)

Zero accumulated 8, H, V, p
KT = '

0
: @} % DO 298 ICY = 1, NCY

i (step size cycling loop)

n

——— J——

lisTEP = ©
QJ—————- Joto 5 B, 88

Initia:ize coavergence criteria
ILPN = LPN + 1
STLP = ISTEP + 1

i

WRITE New Page and TITLDL

(iteration loop)

@ ‘{‘\ DO 23 1T = 1, NUMIT

Calculate
BCI, BBR, B}il,

HG L HBy L HE

! (initial end conditions)

—
1
closed end [free end ifixcd end

. L |

NM = N -1

P



1000

}) DO12 =2, NM
(forward pass)

!

Calculate qﬁantmes which

Step loads and calculate

are affected by iteration

1010

1 8 M
BBI' BI.I, HBI' Hh]

and other quantities which are
unaffected by iteration

¥

Calculate BCI and HCI l

12
no
forward pass
finishy
-7 yes
0 2
— \I33/\—’ Calcula‘e
closed end free end l ﬂ'ixed end (terminal end
[ _—“T y conditions)
20 e

NchV:IJ

1

i

4

(TeSt convernence did not converge
\of s Hy 88y

v 4

converged

A-2

‘
IR S

- NCORV = 2|




(backward pass)

3?13022]=1,NM

K=N-]
Calculate 6H,,$
K A K
2
NCONY
1
Test convercence did not converye
0 s, &
t k By
Jr
T T Ty
converged “‘—"‘_M‘N'?OI;\/ = 24
U ——
‘ —
Pind maximum
§11 and 8§ 3 to
use in convergence
test on next iteration
2
no 1
Backward pass
finished?
ves Process nas converged

for this siep

/ .
GICONY -G
\i\v}/r 1 k>

Process has not | )
converged i

93 Update convergence
criteria

23

Number of

iterations
exceeded?




N

Q)

\

a—y
g

®
24

For all J

8y = Bypreéf;

HI = Hy+3$ hf
1

QVRITE Cycie, step, and iteraticn mxmbersD

REWIND Tape 8

LPO = TIPO-1
LPP = 1
LT8 = @

ki DO 26 7=1, N i
l (displacement, moment, stiess loop)

Calculate

EMA, EMT, ENJ, V], WJ
alving special consideration
to boundary conditions

LPO = LPO+1

|LPO - !

yes yes # ,
|
Last’)poin p —h 4 , f
, LPN = LPN+] ;
no WRITE Now Paqge ar.. TLTLL

s

WRITE moments and displacemoents
Calculate stresses
WRITE stresses on Tape 8

' LT8 = LT8+:
y | T o
’ J

"o

ves
500

READ Stresses from Tape 8>
and PRINT them )

Shell has not buckled ATEP
no - o~ . e "‘:\
= NSTEP WRITE "DID NOT BUCKLE
f) —

i n/
Take another step \'//

Start new problem \1\ )



298

@_4

e

KT = 10 KT + ISTEP -1
shell has buckled so
back up loads
FAC = FAC/10
(t.e., reduce load
multiplier)

WRITC Cycile, sicp, and irera’ion numbers

and "CONVERGENCE FAILURD . .
STEP S1Z0 REDUCTD"

no

Number

of cycles
exceeded?

* yes

[FKT = 10-FACKT|
T
— 1

Cwm'

"SHELL BUCKLED AT (FKT) TIME
BASIC LOAD iNCRLMUNT

S)

e

e e s e ——



